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Abstract 

Consistency conditions for the local existence of massless spin 3/2 fields 
have been explored to find the facts that the field equations for massless 
r-| ! helicity 3/2 particles are consistent if the space-time is Ricci-fiat, and that 

in Minkowski space-time the space of conserved charges for the fields is its 
twistor space itself. After considering the twistorial methods to study such 
massless helicity 3/2 fields, we show in fiat space-time that the charges of 
spin-3/2 fields, defined topologically by the first Chern number of their spin- 
lowered self-dual Maxwell fields, are given by their twistor space, and in 
curved space-time that the (anti-) self-duality of the space-time is the neces- 
sary condition. Since in = 1 supergravity torsions are the essential ingre- 
dients, we generalize our space-time to that with torsion (Einstein-Cartan 
theory), and investigate the consistency of existence of spin 3/2 fields in 
this theory. A simple solution to this consistency problem is found: The 
space-time has to be conformally (anti-)self-dual, left-(or right-)torsion-free. 
The integrability condition on a-surface shows that the (anti-)self-dual Weyl 
spinor can be described only by the covariant derivative of the right- (left- 
)handed-torsion. 
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§1 Introduction: Spin-3/2 Field in Flat Space-time 

The local theory of spin-| potential in Riemanian 4-geometries has been 
investigated in terms of twistor theory [1]. While in flat Minkowski space- 
time the twisters arise as charges for massless spin-| fields, in Ricci-fiat 
4-manifolds a suitable generalization of twistor theory makes it possible to 
reconstruct the solutions of the vacuum Einstein equations out of the twistor 
space. The spin-| fields are well defined, since the Ricci-fiatness is a necessary 
and sufficient condition for consistency. On the otherhand, such a spin-| field 
is an essential ingredient in D = 4, N — 1 supergravity. It seems necessary 
to extend the analysis on the problem of consistency, because the supergrav- 
ity inevitably introduces torsions, and Ricmann curvatures are completely 
expressed in terms of torsion and its derivatives [2]. 

In this paper we mainly investigate the spin-| problem in twistor formal- 
ism [3,4], by generalizing to the space-time with torsion. The relations to the 
D — A, N — 1 supergravity will be studied in later papers. 

The Rarita-Schwinger action for the spin 3/2 fields is uniquely given by 

Crs = -le>''""'i'^l5ludpi^a, (1) 
and the spin 3/2 field equation in fiat space reads [5] 

e^^'"^^,^,d,i;, = 0. (2) 

We will follow Penrose[l], who pointed out that if one could find the 
appropriate definition of "charge" for massless helicity-| fields in a Ricci-fiat 
space-time, the definition will provide the concept of twistor appropriate for 
vacuum Einstein equations. We will first show in fiat space-time that the 
charges of spin-3/2 fields defined topologically by the first Chern number of 
their spin-lowered self-dual Maxwell fields, are given by their twistor space. 

In Minkowski space-time with flat connection V, the gauge invariant fleld 
strength for spin-| particles is represented by a totally symmetric spinor fleld 
i^A'B'C — i^{A'B'C')-i obeying a massless free- fleld equation 

V^^'^Pi^A'B'C) = 0. (3) 

Here we use the convention that 'ip(A'B'C') describes spin-| particles of helicity 
equal to |, and not — |. Two potentials ^^'c PcPi symmetric in its primed 
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and unprimed indices, respectively, are introduced to express ip(A'B'C') locally 
in the Dirac form of the field strength, subject to the differential equation 

P^^'7^,a' = (4) 

such that 
Similarly we have 
such that 

Ts'c = T^BB'P^P. (7) 
By introducing the spinor fields uc and obeying the equations 

^^^^''t^C' = 0, (8) 

'Dac'X^ = 2iiyc', (9) 
respectively, the gauge transformations for the two potentials 

1b'C'=1b'C'+K^c' (10) 

p^^ = p^? + e^^uc^ + zV^a^, (11) 
do not affect the theory. The second transformation is rewritten as 

p^f = p^^ + (12) 

because of the relation 

-nl^-xz-B] _ ^^AB^ L _ --AB^, /-,q\ 

The field equations invariant under these transformations, because 

V^^'f^,^, = V^^'vgi^A' = VgV^^'i^A' = 0, (14) 



and 

= -^s^^Dx^ - y^^nx' (15) 

where = i^^-^D, (□ = Vaa'T)"^^') has been used. This proves the 

gauge invariance: 

since Dx^ = by (8) and (9). 

§2 Spin-3/2 Fermions in Twistor Formalism 

Now we will show that twistors can be regarded as charges for mass- 
less helicity-| fields in Minkowski space-time, following Penrose [1]. Let us 
introduce a twistor Z°' and a dual twistor Wa by the pair of spinor fields 

Z" = (a;^,7r^0, = {Xa, ) (17) 

respectively. The pair of spinor fields of the dual twistor obeys the differential 
equations 

VAA'fi''' = te%\A, Vaa'Xb = 0. (18) 

Therefore one finds 

V^f^^'^ = \s^'^'V„A^^ = ^e^'^'\c^, (19) 

//^') = 0. (20) 

Thus, by defining 

(j)A'B' = IpA'B'C'fJ'^' , (21) 
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(f)A'B' satisfies the self-dual vacuum Maxwell equations, though it has nothing 
to do with electromagnetism: 

V^^'(f>A'B' = 0. (22) 

Tis is easily seen by using the Leibniz rule and the field equations of ipA' b'C 
and jjp . 

It is possible to define the self-dual two-form 

F = (t)A'B'dxi ^dx^'^' . (23) 

The one-form, corresponding to a potential 9 for the self-dual Maxwell field 
strength 0, is defined by 

A = eBB'dx^^\ (24) 

leading to 

F - 2dA, (25) 
which is derived from the potentials ^a'b' Pa'^" After defining 

Oa' = lA'B'l^''' - ^p1^>^b, (26) 
one can obtain the relations 

VcB'e% = (VcB'lA'D')l^''' +lA'D'(T^CB'l^''') - i(VcB'PA^)XB 

= i^A'B'D'fJ-^' + ie%^%jj,Xc - i'^A'B'^c (27) 

— i^A'B'D'l^^ —4>A'B', 

and 

Vie<i, = {V^sI'a'b')^'' + l%B'i^^'p'') .281 

Then, if one supposes that the field '4'a'b'C' exists in a region TZ of space-time, 
surrounding a world-tube containing the sources for iI^A'B'C'i the charge Q is 
assigned to the world-tube. Defining Q by the first Chern class [4] and using 
Stokes' theorem, we obtain 

Q = -^/f = -^ / A = ^/ eAA'dx^^\ (29) 
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where dTZ is the compact boundary of TZ. Inserting (26) and using the fact 
that the first and second potentials, respectively, satisfy the wave equations 
'^Ia'B' = aiid Op^? = by (4) and (6), that is A^y^,^, = L'oTa'B' ^'^'^ 
'^Pa^' = DqP^P . We assuming that j^'B' ^^"^ PaF have the charges i^b' and 
X^i each of them satisfies the Poisson equation, respectively. Here we choose 
the following gauge on the boundary: 



lAA'B'lan — ~'^AA^^ 



Vb^ 

A 



B I ■ X 

Pa' A\dn - 



Then we can derive 



Q = TT f [lAA'B'P - ipAA'^Bjdx 
f , I^B'I^^' X^^B., 



^±1 _ ^w.^^' (30) 

= (//^V^/ + X^AA)LBs'=o• 
Thus if we put z^^/|^AA'=o = ^A', X^L'4'4'=o = ^ the charge of spin 3/2 
fields is now defined by the twistor 

Q = Z''W^ = uj^\a^t^a'P^ . (31) 

and depends on the dual twistor Wo,- Thus, the dual twistor Wo, is the 
"charge" for a helicity — | massless field, whereas the twistor is the 
"charge" for a helicity | massless field, as shown by the same lines of ar- 
guments in Minkowski space-time [1]. 



§3 Spin-3/2 Field in Curved Space-time 



Next we will investigate massless spin-| fields in curved space-time [1,7]. 
The Riemann curvature tensor i?^^^ is defined by 

(V.Vft - V.V^)^^ = Ri,,V\ (32) 

The irreducible pieces of the curvature tensor Rahcd under the action of the 
Lorentz group SL(2, C) are given by spinors [3,4]: 
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i^)^abcd ~ ^ ABCD^A'B'^C'D' '■ the anti-self-dual part of the Weyl tensor; 
the spinor abcd is totally symmetric in its four indices; 

(ii) C^^^ = ^ A'B'C'D'^AB^CD '■ the self-dual part of the Weyl tensor; the 
spinor ^ a'B'C'D' is totally symmetric in its four indices; 

(iii) $ab — ^AA'BB' '■ the trace-free part of the Ricci tensor; with ^aa'bb' 
being symmetric both in AB and A'B'; 

(iv) i? = 24 A : the scalar curvature. 
The Weyl tensor, given by 

Cabcd = C^bcd + Cabcd^ (33) 

is related to the Riemann tensor and Ricci tensor by 

C:t = Ki-2Rlst] + Insist], (34) 

and is trace-free: C^^j, = 0. 

A spinor version of the commutator [Va, V^] can be decomposed into its 
self-dual and anti-self-dual pieces [3,4] 

[Va, Vb] = Sab^A'B' + SA'B'^AB, (35) 

where 

^AB — Va'(aVb), ^a'b' — Va(a'Vb/)- (36) 

The spinor Ricci identities are given by applying and n^'s' either to 
primed spinor fields or to unprimed ones: 

□ABe^ = *W-2Ae(A4, (37) 

DA'B'f = '^A'B'D'i''' - '^MiA'SB'), (38) 

OabC'"' = '^La'^^', (39) 
Da'B'^ = ^a'B'aC^- (40) 

Let us now derive the conditions for the local existence of the p^F poten- 
tial in curved space-time. We require that the gauge transformed potential 
p^F should obey the equation 

V^^'pif = 0. (41) 
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Thus, by using 



V^, V^^' = ^£^^n + D^^, (42) 



where □ = V^^'V"^^', we obtain 

= iV^^'vi^X^) = -^e^(^nx^) - □^(^X^) (43) 

This equation gives the consistency conditions for the local existence of the 
pfF field: 

*ABCD = 0, A = 0, □x^'^O, (44) 

which imply that the space-time is self-dual (left-flat) since the anti-self-dual 
Weyl spinor has to vanish [1]. 

The spin- 1 field strength ipA'B'c is defined in a complex anti-self-dual 
vacuum space-time: 

which is gauge-invariant, totally symmetric, and satisfies the massless field 
equations 

V^^Va'b'c = 0. (46) 

Then the global ■0-fields with non-vanishing 7r-charge are well-defined, and a 
global TT-space, following Penrose[l], is defined by: 
7r-space= space of global ■i/^'s/space of global 7's. 



§4 Spin-3/2 Field in Curved Space-time with Torsion 



In N — 1U{1) supergravity[6,2], the superspace has torsion as an essential 
ingredient, though the purely vector torsion can be asumed to vanish. The 
constraints give all the coefficients of torsion, of Lorentz curvatures, and 
U (1) field strengths (which are determined from torsion components and their 
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covariant derivatives) in terms of the covariant supergravity superfields R, 
(chiral and anti-chiral, respectively), Ga/s (real) with canonical dimension 1, 
and the Weyl spinor superfields W^jja and W^^^ with canonical dimension 
3/2 and their covariant derivatives. These fundamental superfields satisfy 
the following constraints: 

{l)VaR = 0, V^R^ = 
{2)V-G^p = V^Rl V^G^^ = V^R 
{3)V^W^p^ = 0, V^W.^^ = 

V^W.^a + \^{'D(,i,G^^ + P^^Gg) = 
mO^^)' = G^^ 

One may say the spin 3/2 field plays fundamental roles in the structure of 
supergravity. 

However we will concentrate on the Einstein-Cartan theory (f/4 theory) 
here, following refs.[3,7]. The torsion tensor in this theory is given by 

Tab = ^AS ^A'B' + ©A'B'^AB, (47) 

if the spinor eab is covariantly constant under the operation of the two 
covariant derivatives Va and V a'- 

^aSBC = 0, (48) 
^aSBC = 0. (49) 

Now we are to describe the spinor Ricci identities for U4 theory. The 
Riemann tensor is defined, instead of (35), as 

(v„v, - v,v. - t:,Vc)v' ^ (50) 

where T^j^ is the torsion tensor. This definition leads to a non-symmetric Ricci 
tensor. The Riemann tensor has 36 independent real components, rather than 
20 as in general relativity, and the information on those 36 components is 
encoded in the spinor fields 

"^ABCD, ^AA'BB', A and T,AB, (51) 
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having 5,9,1 and 3 complex components respectively. The = "^{ab) 
corresponds to the anti-symmetric part of Ricci tensor as given by 

R[ab] — ^AB^A'B' + ^A'B'^AB- (52) 

The identity (35) still holds and the self-dual null bivector is defined as 

j^ab^^A^B^A'B'^ (53) 

Then by using the Ricci identity for U4 theory 

(V„Vb - V,V„ - T:,V,)k'^'' = Rl.^k^" + Ri^k'^^, (54) 
the spinor Ricci identity is derived as 

S.'^'^iSAB^A'B' + £A'B'^AB — T^A'BB'^ HH']^^'' 

- SABi^'S^'Ee^C'' + f^A'B'^^e^] 

+ eA'B'[¥^sEe^^^ 
-2Ae%Be^] + ^ABC^'^e\ 

Thus we obtain the spinor Ricci identities corresponding to (37), (38), 
(39) and (40): 

[□^B - e^f VHi/']^'' = ^^bdC"" - 2AC(Ae% + ^abC"", (56) 

i^A'B' - ^A'%''^HH']C^ =^A'B'D'^'^ - '^M(A'£b') + ^A'B'i'^' , (57) 
PAB - e'^E'VHH'je = ^IbD'^''' + ^ABe\ (58) 
PA'B' - e%VHH']f = ~^A'B'Di'' + ^A'B'f- (59) 



(55) 



The correspondence between self-dual space-times and curved twistor 
spaces has been investigated by Ward and Wells [4] by defining the self-dual 
a-surface S, where each vector field tangent to it has the form A^tt^ for some 
spinor field on it. By using Frobenius' theorem, it has been shown that 
the existence of self-dual surfaces in space-time imposes a condition on its 
curvature. Esposito [7] has generalized the results of ref . [4] to the case where 
the space-time has torsion. Taking two null vector fields X"" = A^tt^ and 
Y°- = ^^-K^ tangent to S*, the Lie bracket of X, 1" is a linear combination 
of X, Y . The Lie bracket now involves the torsion tensor, and the theorem 
leads to 

^ay^yb - = ^X^ + pY^ + T^^X^Y'^ , (60) 
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where the torsion is given by (47). 
This condition is equivalent to 

T^^'C^AA'T^B') = CaT^B' + OJaB' (61) 

for some spinor field and ujab'i if we put 

IID^^I^BB' — —jJ'D^^^C'D'BB''^^ TT^ ■ (62) 

Now we have found 

(^AB' — —T^^ TT*^ ©A'C'AB', (63) 
T^^ iy AA'T^B') — iAT^B' — TT*^ ©A'C'AS'- (64) 

Finally we will derive the integrability condition for S. Operating on (64) 
with tt^'tt'^'Vq,, following Ward and Wells [4], and using the spinor Ricci 
identity (57), we obtain 

-TT^ TT*^ V^/[7r^ VaA'T^B' " {^A^^B' - 71"^ TT*^ Qa'C'AB')] 

^A'B'C'D'/ ,f, OlAE' Ol OiAE' P\ , -riA f\ \ 

— TT TT 77 n [ — ^ A'B'C'D' — '^A'B'^E'C'AD' — A' B'^^C E'AD' + ^ A'^^B'C'AD' ) 

O^B'C'D'^AA' V7 ^ n 
— ZTT TT TT '^c'D'^ AA'^B' — ^- 

(65) 

The last term of (65) is rewritten as 

n^B'C'D'i^AA' ^7 ^ n^A'B'C'D',\EE' A fctct\ 

— ZTT TT TT 'Oqij^iVaA'T^B' = /TT TT TT TT 'Oq, j^iKy e' D' EB' , (,DDj 

where we have used the property of the covariant derivatives in f/4 theory 
investigated by Penrose- Rindler [3] (see §4.7 in vol.1). Therefore the integra- 
bility condition is now derived for U4 theory as 

7r^'7r^'7r^'7r^'(-*A'B'C'D' + ^i'^E'CAD') = 0. (67) 
Therefore a solution of this integrability condition is given by 

^A'B'C'D' — V(^/Ob/C"|A|D')- (68) 

This solution shows that the self-dual Weyl spinor can be described only 
by the covariant derivative of the right-handed-torsion, seemingly in contra- 
diction to the result obtained by Esposito [7] . However, if he had carefully 
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taken account of the symmetry of spinor indices, i.e., ^a'b'cd' — ^{A'B'CD') 
and Qa'b'ad' — ^{A'b')ad'-i he could have obtained exactly the same result 
as ours. 

We can consider the other possibility of consistency condition. Let us now 
derive the conditions for the local existence of the p^F potential in curved 
space-time with torsion. We require that the gauge transformed potential 
p^F should obey the equation 

v^^'p^F ^ 

Thus by using the spinor Ricci Identity (56), we obtain 

- e^l^v^^'x^ - s^^x^ 

= 0. 

This equation gives the consistency conditions for the local existence of the 
p;fF field: 

*ABCD = 0, A = 0, e^BA'C^O, S^B = 0, □x'' = (71) 

which imply that the space-time is self-dual (left-fiat) and left-torsion free. 

Moreover, the self-dual anti-symmetric part of Ricci tensor vanishes, though 
this condition is not independent, since T^ab is determined by torsions and 
their covariant derivatives. 

A discussion is now in order. In A/" = 1 supergravity, Lorentz gauge 
fields were written in terms of torsions. Moreover, fundamental superfields 
as shown at the top of this section, exist to describe the both fields in terms of 
them. We simply conjecture here that deeper insights on spin 3/2 fields will 
give more information on the problems of the structure of space-time. The 
investigation of the problem of the spin 3/2 field (as well as that of gravitino 
field which is massive [8]) in A/" = 1 supergravity is now progressing [9]. 

The author wishes to express his thanks to Prof. Richard S. Ward for 
his suggestion on the spin 3/2 problems and to Prof. Wolfgang Bentz for his 
careful reading this manuscript. 
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